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Quasi-Conservative Lambda Formulation

Andrea Dadone* and Vinicio Magit
Universita di Bari, Bari, Italy

The numerical simulation of inviscid transonic flows by means of a "modified lambda formulation" takes in-
to account the shock transition from supersonic to subsonic flow conditions, thus allowing the coupling of the
supersonic region with the shocked subsonic one and, as a consequence, the upstream movement of the shock.
The present methodology is applied to one- and two-dimensional transonic flows. Although the two-dimensional
flow calculations involve Cartesian coordinates and are limited to the thin-airfoil approximation, the method
can be generalized to arbitrary two- and three-dimensional flow cases. In all of the computed cases, the shock is
found to have appropriate strength and position for steady flow conditions and to move upstream properly when
a change in the downstream pressure warrants it.

Introduction
A MONO the several numerical methods developed for the

JTjLnumerical simulation of transonic inviscid flows, the so-
called lambda formulation, recently developed and employed
by Moretti1 and Zannetti and Colasurdo,2 has several very
desirable features. The time-dependent, compressible Euler
equations are recast in terms of compatibility conditions for
characteristic (Riemann) variables along characteristic lines
and discretized by means of upwind differences which cor-
rectly take into account the direction of wave propagation.
In this way a numerical technique is obtained which com-
bines the coding simplicity of finite-difference methods with
the intrinsic accuracy and physical soundness of the method
of characteristics.

Since its first appearance, the lambda formulation has
undergone several improvements. In particular, various im-
plicit integration schemes3'5 and relaxation methods6'7 have
been developed in order to enhance the efficiency of the
lambda methodology by removing the Courant-Friedrichs-
Lewy (CFL) stability limitation of the explicit schemes
previously employed. Also, a significant improvement in ac-
curacy is achieved by employing a perturbative formula-
tion8'9 such that only the compressibility effects with respect
to a suitable incompressible flow solution need to be
computed.

The lambda formulation has its drawbacks; in particular,
numerical experiments have shown that for one-dimensional
transonic flows the "captured" shock cannot move upstream
in the supersonic flow region and that this problem persists
in some cases for two-dimensional transonic flows, even if
the supersonic bubble is embedded in a subsonic region,
which would be expected to allow for upstream propagation.
This drawback is due to the decoupling of the supersonic
region from the subsonic one once the shock wave is
established.

Recently, the "flux-difference splitting,"10"13 which uses
governing equations in conservation form and splits the
fluxes according to the wave nature of the flow, has been
proposed to solve compressible inviscid flows. A comparison
of this methodology with the lambda formulation applied to
a system of linear hyperbolic equations14 shows that they
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both lead to identical conclusions, but an analysis of the
flux-difference splitting applied to the one-dimensional Euler
equations demonstrates that it allows a coupling of the
supersonic region with the shocked subsonic one by splitting
the waves containing a "sonic point," i.e., a vertical
characteristic in the (x,t) plane. Such a situation occurs in
those mesh intervals where the shock is numerically cap-
tured. On the contrary, this basic mechanism is neglected by
the classical lambda formulation, but it can be taken into ac-
count in order to obtain a modified lambda formulation
characterized by a supersonic region coupled with the shocked
subsonic one, as done in the present paper.

The method will be first described for one-dimensional
flows of a test gas with a specific heat ratio equal to unity;
the method will then be extended to classical one-dimen-
sional nonisentropic flows; and finally to the case of
nonhomentropic two-dimensional flows within the frame-
work of thin-airfoil theory. The validity and usefulness of
the modified lambda methodology will be demonstrated by
means of a few example calculations.

Simplified One-Dimensional Flow
Formulation

As regards quasi-one-dimensional inviscid flows of a test
gas with a specific heat ratio 7 equal to unity, the nondimen-
sional continuity, momentum, and energy equations can be
simplified to give

Wpt+W(pu)x+puWx = Q (1)

W(pu)t+W(p+pu2)x+pu2Wx =

P=P

(2)

(3)

where /?, p, and u are the pressure, density, and velocity of
the fluid, respectively; W is the cross-sectional area of the
duct; and the subscripts x and t indicate derivatives with
respect to the longitudinal coordinate x and time /, respec-
tively. The speed of sound for the flow of the present test
gas is constant and set equal to unity.

Equations (1) and (2) can be easily rearranged to give the
corresponding lambda formulation equations:

Ct + \cCx= -OLU

Dt + \dDx = au

(4)

(5)

where a is the specific rate of change of the cross-sectional
area W [OL = (dW/dx)/W], C and D are the two char-
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acteristic Riemann variables, and \c and X^ are the slopes of
the corresponding characteristic lines, with

(6)

- (7)

(8)

(9)

\c = u + 1

Let us now consider a transonic nozzle flow. Following the
technique suggested in Ref. 13, a flux-difference splitting ap-
proach applied to Eqs. (1) and (2) leads to the solution of the
Riemann problem sketched in Fig. 1 for the mesh interval HI
bounded by supersonic flow conditions on the left and by
subsonic flow conditions on the right. The Riemann prob-
lems to be solved in the two neighboring intervals GH and
IL are also sketched in Fig. 1. The flow in interval GH being
supersonic, the two waves are both right-running ones and
consistently contribute to the evolution in time of mesh point
//; on the contrary, in interval IL, where the flow is sub-
sonic, the two waves have different directions, so that the
first one (1'") affects mesh point 7 and the second one (2'")
affects mesh point L. In interval HI the second wave (2') is
still right-running and affects mesh point /, while the first
one (!') simulates a shock and is represented by a converg-
ing fan with a vertical characteristic r. Such a "converging
fan" wave is thus split as follows: the left-running part r-b
contributes to the evolution in time of mesh point //,
whereas the right-running part a — r affects mesh point /. In
this way the last supersonic mesh point, H, is coupled with
the shocked subsonic region and the shock can move
upstream in the supersonic flow region.

Let us now consider the classical lambda formulation. The
corresponding characteristic lines are represented in Fig. 2,
where it is shown that characteristics C" and D" affect mesh
point //, characteristics C' and D'" affect mesh point /, and
finally characteristic C'" affects mesh point L. Consequently,
the last supersonic mesh point, //, is decoupled from the
shocked subsonic region and the shock cannot, therefore,
move upstream.

Let us now compare Figs. 1 and 2. The wave shapes are
different because the converging fan wave 1' in Fig. 1 has no
corresponding wave in Fig. 2; the classical lambda formula-
tion cannot account for such a wave and its ability to couple
the last supersonic mesh point to the subsonic shocked
region. From an analytical point of view, by splitting the

G H I L

Fig. 1 Riemann problems for 7 = 1.0.

C' D"

G H I L

Fig. 2 Characteristic lines for 7 = 1.0.

flux terms, one can rewrite Eqs. (1) and (2) as

Wpt + W(pu)x+puWx + W(pu)x = Q (10)

W(pu)t + W(p +pu2)x+pu2 Wx + W )x = 0 (11)

where the fourth terms of Eqs. (10) and (11) represent the
contribution of the converging fan wave (shock) to the
evolution in time of the grid points bounding the mesh inter-
val where it is located; such terms are therefore different
from zero only for the interval containing the shock. From a
flux-difference splitting point of view, the flux terms cor-
responding to the converging fan wave are neglected by the
lambda formulation. As a consequence, the fourth terms of
Eqs. (10) and (11) are considered equal to zero and the cor-
responding equations are obtained on the basis of the first
three terms. However, Eqs. (10) and (11) can be easily rear-
ranged to provide a modified lambda formulation which
takes into account this very critical contribution, namely;

Dt + \dDx =
where

with

(3=W/pW

(12)

(13)

(14)

(15)

(16)

(17)

(18)

In Eqs. (12) and (13), k{ and k2 represent corrections with
respect to the classical lambda formulation equations, Eqs.
(1) and (2), due to the contribution of converging fan waves.

Numerical Method
Equations (12) and (13) are discretized and linearized in

time using the incremental (A) approach of Beam and
Warming15 to give

AC/Af + \"c ACX + Q Aw + a An = - \"CC"X - a«" + £f (19)

AD/At + X3 ADX + Dn
x Au - aAu = - \n

dD"x + au" + k"2 (20)

In Eqs. (19) and (20) the superscript n indicates variables
which are evaluated at the old time level /" explicitly,
whereas A indicates time increments from the old time level
tn to the new time level t" + l =t" + At. Moreover, Au can be
eliminated by means of the following relationship:

Aw=(AC+A£>)/2 (21)

which can be obtained very easily from Eqs. (3) and (4). The
resulting equations are discretized in space by means of a
two-point second-order-accurate upwind box scheme8 as-
follows. All the terms in Eq. (19), except for kl9 are
evaluated at the center of the interval immediately preceding
the Xj grid point; that is,

AC/Af =

Cx=(Ci-Ci_[)/Ax

(22)

(23)

(24)
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and so on. All the terms in Eq. (20), except for &2, are
evaluated at the center of the interval immediately preceding
or following the xt grid point, in accordance with the super-
sonic (u>\) or subsonic («<1) nature of the flow,
respectively.

Let us now consider the correction terms kl and A:2. They
are different from zero only at the two grid points which
bound the interval containing a converging fan wave (i.e., a
shock); W is evaluated at the center of such an interval,
while u, p, and W are evaluated at the same point as the
other terms of the equation (e.g., at the center of the interval
immediately preceding the grid point of the D equation per-
taining to the last supersonic grid point, i.e., point H in Fig.
2). The derivatives of the flux terms/given by Eqs. (16) and
(17) are evaluated in accordance with the flux-difference
splitting methodology.13 A first-order approximation can be
obtained by taking (see Fig. 1)

fx=(fb-fr)/bx (25)

for the correction terms pertaining to the last supersonic
flow grid point, //, and

(26)

for the first shocked subsonic grid point, /. According to the
D-wave nature of the converging fan wave (1' in Fig. l),only
fluxes pertaining to D characteristics are considered to ob-
tain a second-order approximation, namely,13

= (fb ~fr

for the last supersonic flow grid point, H, and

/* = (fr -fa ) /Ax - (fd -f0 ) /4Ax

(27)

(28)

for the first shocked subsonic grid point, /. As regards Eqs.
(25-28), it is necessary to solve a Riemann problem in the
interval containing a converging fan wave to obtain a first-
order approximation for the correction terms k{ and A:2,
whereas the Riemann problem solution must be extended to
the two neighboring intervals to obtain a second-order ap-
proximation. Spurious numerical wiggles, originated near
"captured" shocks when a second-order approximation is
used, are eliminated by following the criterion suggested by
Van Leer.16

The following boundary conditions are used. The value of
the total pressure is imposed at the inlet of the nozzle (sub-
sonic flow), whereas the static pressure is prescribed at the
outlet, if the flow is subsonic.

The discrete internal and boundary equations, obtained as
described previously, provide a linear 2 x 2 block-tridiagonal
system for the 27V unknowns Cl5...,CN, Dlt...,DN, which is
solved very efficiently by standard block-tridiagonal elimina-
tion.17 The solution is then updated and the process is
repeated until a satisfactory convergence is reached.

Numerical Results
Three transonic nozzle-flow cases have been considered in

order to test the capability of the present methodology to
correctly "capture" a shock; a nozzle having a dimensionless
cross-sectional area W=x/2+ \/x (0.6<x<3) with a unitary
inlet total pressure and three different values of the outlet
static pressure (/?out=0.76, 0.81, 0.86) has been used to this
purpose. Starting from rest, the downstream static pressure
is reduced to the prescribed value within a few time steps.
The steady-state results obtained by using 13 mesh points are
given in Fig. 3, where the pressure numerical results
(triangles, circles, and squares) are plotted together with the
corresponding exact solutions (lines). The agreement is fair
and the shocks are correctly located. To test how the present
methodology succeeds in correctly locating the shock as the
mesh size is reduced, the three previous test cases have also
been computed by using 25, 49, and 97 mesh points; the
shocks are still correctly located, as shown, for example, in
Fig. 4. where the distributions of pressure and Mach number
in the shock region are plotted.

To demonstrate the quasi-conservative nature of the pres-
ent formulation, the mass flow rate errors (i.e., variations of
the mass flow rate across the shock divided by the upstream
value) are reported in Table 1.

To test how the present formulation is capable of moving
upstream a "captured" shock, the following numerical ex-
periment is performed using 25 mesh points. At first the noz-
zle outlet pressure is set at the lowest value, 0.76, and a fully
converged solution is obtained; the outlet pressure is then
raised to the intermediate value and a fully converged solu-
tion obtained again; the same procedure is then repeated
with the highest value of the outlet pressure and with a value
corresponding to subsonic flow conditions inside the nozzle.
This numerical experiment shows that the shock moves
upstream and positions itself properly in transonic flow con-
ditions, and also correctly disappears in subsonic flow
conditions.

The present results have been obtained using the second-
order approximation, given by Eqs. (27) and (28), for the
derivatives of the flux terms appearing in the correction coef-
ficients k{ and k2. Numerical experiments show that a first-
order approximation for such derivatives slightly misplaces
the position of the shock further upstream in some cases.

1. 4 2. 2 3.0

Fig. 3 Nozzle pressure distributions (13 mesh points, 7 = !,
pout=0.76, 0.81, 0.86).

Nonisentropic One-Dimensional Flow
Formulation and Numerical Method

For the case of nonisentropic quasi-one-dimensional in-
viscid flows of a gas with a specific heat ratio not equal to
unity, the continuity, momentum, and energy equations can
be rearranged to provide the classical nonisentropic lambda
formulation equations18; with the addition of the correction
terms, the following modified dimensionless equations can

Table 1 Mass flow rate errors (7 = 1)

Number of
mesh points

13
25
49
97

Mass
Pout =0-76

2.2
0.6
0.6
0.6

flow rate error, °
Pout =0-81

1.9
1.3
0.1
0.2

7o
Pout =0.86

1.3
0.5
0.4
0.1



1280 A. DADONE AND V. MAGI AIAA JOURNAL

be obtained:

(Dt + uSt ) + \d (Dx ana = k2

where

= u-2a/(y-\)

co = (2/7(7- 1)

(29)

(30)

(3D

(32)

(33)

(34)

(35)

(36)

In Eqs. (29-31) S is the entropy; SJ, Sd
x, and Su

x are special space
derivatives of the entropy (their finite-difference representation
has to be windward with respect to the direction of propagation
of the corresponding characteristic line); and k{, k2, and k3 are
the correction terms introduced in the present formulation to
account for the contribution of converging fan waves. Follow-
ing a procedure quite similar to the one outlined in the previous
section, one can easily obtain such correction terms as

A:, = [ 1 - (7 - l)u/2a] ufiflx - [ 1 - (7 - l)u/a] /3f2x

k2 = [ 1 + (7 - l)u/2a] u0flx - [ 1 + (7 -

where

flx=(pu)x

(37)

(38)

(39)

(40)

(41)

(42)

(43)

The same numerical method previously used for Eqs. (12)
and (13) is then applied to Eqs. (29-31).

The correction terms kl9 k2, and k3 given by Eqs. (37-39)
are treated as the correction coefficients kl and k2 in the
previous section. In particular, the derivatives of the flux
terms/given by Eqs. (40-42) are evaluated by means of Eqs.
(25) and (26) or (27) and (28) to obtain a first- or second-
order approximation, respectively. In the present flow condi-
tions, however, the subscripts a, b, c, d, r, G, and / in Eqs.
(25-28) refer to Fig. 5, which represents the Riemann prob-
lems to be solved for the interval HI bounded by supersonic
flow conditions on the left and subsonic flow conditions on
the right and for the two neighboring intervals GH and IL.
In Fig. 5 the waves 3', 3", and 3'" represent contact
surfaces.

The boundary conditions are finally prescribed as follows:
at the inlet of the nozzle (subsonic flow) the total
temperature and the entropy are assumed to be known,
whereas at the outlet the static pressure is imposed if the
flow is subsonic.

The discrete internal and boundary equations provide a
linear 3x3 block-tridiagonal system which is solved very ef-
ficiently by standard block-tridiagonal elimination.17 An
alternate solution method can be devised corresponding to a
slightly different time discretization procedure. At first the
Riemann variables C and D are evaluated by solving a 2 x 2
block-tridiagonal system and finally the entropy is determined.
Such a procedure has proved to be very efficient as well, and
therefore the same idea has been applied to two-dimensional
flow calculations.

Numerical Results
The present nonisentropic one-dimensional flow method-

ology has been applied to the computation of transonic flows
of a gas with a specific heat ratio equal to 1.4 inside the
same nozzle employed in the previous section. The steady-
state results, obtained using 13 mesh points and three dif-
ferent values of the outlet static pressure (pout=0.72, 0.77,
0.82), are given in Figs. 6-8, where the numerical results for

1" 3" 2" I 1 3' 2 ' 1"' 3"' 2'"

G H I L

Fig. 5 Riemann problems for 7 = 1.4.

1. 5

1.1 _

. 7 _

£ O computed

2. 0 2. 2 2. 4 2. 6 2. 8

Fig. 4 Nozzle pressure and Mach number distributions in the shock
region (97 mesh points, 7 = !, pout=0.81).

1.3

1. 0 _

3. 0

Fig. 6 Nozzle pressure and Mach number distributions (13 mesh
points, 7-1.4,pou(=0.82).
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the pressure and the Mach number (triangles, circles, and
squares) are plotted together with the corresponding exact
solutions (lines). The three previous test cases have also been
computed using 25, 49, and 97 mesh points and the com-
putations show that the shocks are still correctly located. The
results obtained using 97 mesh points and corresponding to
Pout = °-77 are plotted in Fig. 9, whereas the total temperature
errors (variation of the total temperature across the shock
devided by the upstream value) are reported in Table 2.

To test how the present formulation is capable of moving
upstream a "captured" shock in the present flow conditions,
the numerical experiment outlined in the previous section is
repeated. The shock moves upstream and positions itself
properly in transonic flow conditions, and it correctly disap-
pears in subsonic flow conditions.

As far as the convergence rate of the method is concerned,
an example is given in Fig. 10, where the Mach numbers of
the last supersonic flow mesh point and of the following sub-
sonic flow mesh point are plotted vs the number of itera-
tions, K. Satisfactory convergence is obtained in about 10
iterations.

Nonhomentropic Two-Dimensional Flows
Formulation and Numerical Method

The present formulation is limited to the framework of
thin-airfoil theory. The first component of the velocity of the
fluid can be supersonic, whereas the second one is subsonic
everywhere in the flowfield. In such conditions the flux-
difference splitting method suggested in Ref. 14 outlines that
only one of the four Riemann problems to be solved for
evaluating the flux differences can present a wave (sim-
ulating a shock) represented by a converging fan with a ver-
tical characteristic. It is a Riemann problem along the first
coordinate and presents discontinuities of the entropy, of the
speed of sound, and of the first component of the velocity
(Fig. 5). This converging fan wave (T in Fig. 5) is neglected
by the classical lambda formulation for two-dimensional
problems too.

Separating the flux terms due to this wave, the dimen-
sionless Euler equations can be written in Cartesian coor-
dinates as

(44)

(45)

(46)

(47)

In Eqs. (44-47) x, y, and t are the longitudinal and vertical
coordinates and time, respectively, and u and v are the
longitudinal and vertical velocity components, respectively.
Moreover, flx and f2x are given by Eqs. (40) and (41),
whereas /3;c, f4x, and e are given by

f3x = v(pu)x = vflx (48)

(49)

(pu)t+

( p v ) t + ( p u v ) x

1. 5

1. 1 _

3.0

Fig. 7 Nozzle pressure and Mach number distributions (13 mesh
points, 7 = 1.4, pout= 0.77).

1. 4 _

1.0 _

3. 0

Fig. 8 Nozzle pressure and Mach number distributions (13 mesh
points, 7 = 1.4, pout= 0.72).

1. 4 _

i.o _

.6

.2

1°
O computed

1.9 2. 1 2.3 2. 5 2.7

Fig. 9 Nozzle pressure and Mach number distributions in the shock
region (97 mesh points, 7 = 1.4, pout=0.77).

(50)

Following the procedure outlined in Ref. 2 for the homen-
tropic flow case, one can rearrange Eqs. (44-47) to obtain
the modified lambda formulation equations

t + Dt+ (u-a)Dx

(51)

Table 2 Total temperature errors (7 = 1.4)

Number of Total temperature error,
mesh points

13
25
49
97

Pout -0.72

1.11
1.57
0.01
0.02

Pout -0.77

0.73
0.98
0.90
0.03

Pom -0.82

0.09
0.14
0.01
0.14
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Et+Ft (v-a)Fy

-2(v-a)Fy =

C-D-E + F=0

(52)

y

(53)

(54)

(55)

In Eqs. (51-55) w is given by Eq. (36) and C, D, E, and Fare
the four bicharacteristic dependent variables,

C=u + 2a/(y-l)

D = u-2a/(y-l)

E=v + 2a/(y-l)

F=v-2a/(y-\)

(56)

(57)

(58)

(59)

Moreover, in Eqs. (51-55) SJ, S*, SJ, and S£ are special
space derivatives of the entropy, whose finite-difference ap-
proximation has to be of the upwind type, based on the
direction of propagation of the corresponding bicharac-
teristic line; S" and Sy have the same meaning with reference
to the two velocity components of the fluid; and finally kl9
k2, k3,
present formulation,

and k4 are the correction terms introduced in the

k,=2(uflx-f2x)/p

k2=0

= y 1 1 + (y - - u2)/2a2 ]flx/p

+ y(y-l)(uf2x-f4x)/pa2

(60)

(61)

(62)

(63)

The numerical method described in Ref. 3 is used to
linearize the left-hand side of Eqs. (51-54), whereas the right-
hand side terms are evaluate^ at the old time level (explic-
itly); that is, the left-hand side terms of the governing Eqs.
(51-54) are linearized in time and written in incremental
form, and the Douglas-Gunn ADI procedure19 is then ap-
plied to the linearized incremental equations. Moreover, Eq.
(55) is used to eliminate F in favor of C, D, and E at all
stages of the numerical procedure. As in Ref. 3, all the
derivatives at the old time level are second-order-accurate
three-point windward differences, except at the grid points
immediately adjacent to the boundaries, where the
derivatives in the direction normal to the boundary are taken
as standard central differences. All the derivatives of the in-
cremental variables are instead two-point first-order-accurate
windward differences in order to solve only block-tridiagonal
systems.

The correction coefficients kl9 k2, k3, and k4 are treated
as in the one-dimensional flow case; in particular, the
derivatives of the flux terms/given by Eqs. (40), (41), and
(49) are evaluated by means of Eqs. (25) and (26) or (27) and
(28) to obtain a first- or second-order approximation, respec-
tively. (The subscripts a, b, c, d, r, G, and / appearing in
these equations refer to Fig. 5.)

The boundary conditions outlined in Ref. 3 are used with
only minor changes. The tangency condition is imposed at
the symmetry streamline, at the solid boundary, and at the
far-field boundary (for airfoil flow computations). The flow

at the inlet boundary being subsonic, three inlet boundary
conditions must be prescribed, namely, the entropy, the total
temperature, and the transversal velocity component, which
is assumed to be zero. The flow at the outlet boundary being
subsonic too, only one outlet boundary condition is re-
quired; the pressure disturbances produced by the (thin) air-
foil or bump are assumed to decay according to small-
perturbation theory.

The discrete internal and boundary equations pertaining to
the bicharacteristic variables provide, at both sweeps of the
ADI procedure, 3x3 block-tridiagonal systems which are
solved by standard block-tridiagonal elimination17 to provide
C, D, E, and F. The entropy is then evaluated by solving
scalar bidiagonal or tridiagonal systems when sweeping in
the x or y direction, respectively.

Numerical Results
The present two-dimensional technique has been applied

to the computation of two transonic flow cases. The flow
past a symmetric circular-arc airfoil of maximum thickness
equal to 10% of the chord with a freestream Mach number
equal to 0.83 is considered first. Figure 11 provides the
steady-state pressure coefficient results at the airfoil surface:
the open and solid circles represent the numerical results ob-
tained with first- and second-order approximations for the
correction coefficients, respectively, while the squares in-

1.5

10 20 30

Fig. 10 Nozzle-flow results convergence (13 mesh points, 7 = 1.4,
Pout =0.77).

.0

-.5

-1. 0

O first order

0 second order

D Rof. 20
1

o
•

D

.0 . 2 . 4 .6

Fig. 11 Pressure coefficient distribution at the airfoil surface.
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• 5,

.0

-. 5

-1. 0

O first order

• second order

J
.0 .2 . 4 .6 .8 1.0

x

Fig. 12 Pressure coefficient distribution at the bump surface.

dicate the results of Warming and Beam.20 The agreement is
satisfactory and verifies the correctness of the present ap-
proach. The present results were obtained using 31 x 12 grid
points in the longitudinal and vertical directions, respectively.
The computational grid was stretched ahead of and behind the
airfoil and also in the transversal direction, while it is uniform
along the surface of the airfoil. The boundary conditions were
imposed at distances of 0.64, 1.6, and 4.27 chord lengths ahead
of, behind, and above the airfoil, respectively.

The second test case considered in this study is the flow in-
side a plane channel with a circular bump21 and characterized
by a downstream isentropic Mach number equal to 0.85.
The channel geometry is such that the height-to-chord ratio
of the circular arc is equal to 0.042 and the ratio of the chan-
nel width to such a chord is equal to 2.073. Figure 12 pro-
vides the steady-state pressure coefficient results at the bump
surface: the open and solid circles represent the numerical
results obtained with first- and second-order approximations
for the correction terms, respectively. They were obtained
using 32x11 grid points in the two directions and a com-
putational grid stretched in the same way as the one
employed for the airfoil flow computation, and they are in
good agreement with the results of Ref. 21. The boundary
conditions were imposed at distances of 0.64 and 2.6 chord
lengths ahead of and behind the circular bump, respectively.

Figures 11 and 12 show that the results obtained by using
the second-order approximation for the derivatives of the
flux terms appearing in the correction coefficients k{, A:2, £3,
and k4 differ from those obtained by using the first-order
approximation for such derivatives only at the shock. As far
as the efficiency of the present methodolgy is concerned, a
satisfactory convergence has always been obtained in less
than 200 iterations (time cycles) for both test cases
considered.

To test how the present formulation is apt to move
upstream a "captured" shock in two-dimensional flow con-
ditions, the following numerical experiment is performed.
The undisturbed airfoil flow Mach number is set at 0.84 and
a converged solution is obtained. The Mach number is then
lowered to the correct value equal to 0.83 by changing the
asymptotic downstream static pressure, and a converged
solution is obtained again. A similar numerical experiment is
performed for the bump channel flow too, starting with a
downstream isentropic Mach number equal to 0.86. The
numerical experiments show that the shock moves upstream
and positions itself properly, in perfect agreement with the
previously computed results.

Conclusions
A modified lambda formulation capable of correctly com-

puting transonic flows has been provided which allows
coupling of the supersonic region with the shocked subsonic
region and, as a consequence, the upstream movement of
shocks. The major and perhaps unique drawback of the
classical lambda methodology has thus been finally
eliminated. The proposed formulation was obtained by
inserting correction terms into the classical lambda formula-
tion which take into account the transition from supersonic
to subsonic flow conditions through a shock.

The proposed methodology was applied to one-
dimensional transonic nozzle flows and demonstrated its
validity in comparison with exact solutions: The shock is cor-
rectly located in steady-state conditions and can move
upstream to reach a new, correct steady-state location when
the downstream static pressure is changed. The extendability
of the present formulation to multidimensional flows was
then proved by providing a two-dimensional flow formula-
tion within the framework of thin-airfoil theory, whose
validity was demonstrated by means of two test cases; the
computed steady-state shock positions are indeed in accord-
ance with published data, and the shock itself can move
upstream when the downstream boundary conditions are
changed. Current effort is devoted to the extension of the
present approach to arbitrary two-dimensional flows,22 as
well as to three-dimensional flows, in order to better assess
the capabilities of the present formulation to compute flows
of greater engineering interest.
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